Rules for integrands of the form (dx)" (a+ bx" + cx?")"
X. f(dx)"‘ (bx"+cx*")Pdx
1. J(dx)"‘ (bx"+cx*")Pdx whenpez

1: J(dx)’" (bx"+cx*")Pdx whenpez A (mez v d>@)

Derivation: Algebraic simplification
Basis: If p € Z, then (bx"+cx?")P = x"P (b+cx")P
Rule1.2.3.2.0.1.1:if pecz A (meZ Vv d > 0),then

J.(dx)m (bx"+cx*")Pdx — d'“J-x'"""p (b+cx")?ax

Program code:

(* Int[(d_.*x_)"m_.*(b_.*x_"n_+c_.*x_"n2_.)"p_.,x_Symbol] :=
d*m*Int [X* (m+nxp) * (b+cxx*n)*p,x] /;
FreeQ[{b,c,d,m,n},x] & & EqQ[n2,2xn] && IntegerQ[p] && (IntegerQ[m] || GtQ[d,0]) =)



Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

2: J-(dx)’“ (bx"+cx*")Pdx whenpez A nez

Derivation: Algebraic simplification

Basis:If peZ A nez,then (bx+cx2")? = L (dx)"P (b+cx)P

Rule1.2.3.2.0.1.2:If pe Z A n € Z,then

1
J(dx)’" (bx"+cx*")Pdx — T‘)J‘(dx)m+n|p (b+cx")Pax
d

Program code:
(* Int[(d_.*x_)"™m_.*(b_.*x_"n_+c_.*x_"n2_.)"p_.,x_Symbol] :=

1/d” (nxp) *Int[ (d*x) ~* (m+nxp) * (b+cxx”n) *p,x] /;
FreeQ[{b,c,d,m},x] &% EqQ[n2,2xn] && IntegerQ[p] && IntegerQ[n] =*)

3: J(dx)’" (bx"+cx*")Pdx whenpez A - (mez Vv d>0)

Derivation: Piecewise constant extraction
Basis: a, idTL =0

Rule1.2.3.2.0.13:if peZ A -~ (meZ Vv d > @), then

(dx)"

J(dx)"‘(bx“+cx2")pdlx — Jx"‘*""(b+cx“)pdlx

Xm

Program code:

(* Int[(d_.*x_)"m_.*(b_.*x_"n_+c_.*x_"n2_.)"p_.,x_Symbol] :=
(d*x) *m/x*m*Int [X" (m+n%p) * (b+cxx*n) *p,x] /;
FreeQ[{b,c,d,m,n},x] & EqQ[n2,2xn] && IntegerQ[p] && Not[IntegerQ[m] || GtQ[d,0]] *)



Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

2: J(dx)'“ (bx"+cx*")?dx whenp ¢z

Derivation: Piecewise constant extraction

Basis: g, —(2x<xX)" g

(dx)"P (b+c x")p

Rule 1.2.3.2.0.2: If p ¢ 7, then

(bx"+cx2")p

j(dx)m(bx"+cx2")pdx — (dx)""'"p(b+cx")pdlx

(dx)"P (b+cx")P

Program code:

(* Int[(d_.*x_)"m_.*(b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=
(bxx~n+cxx” (2xn) ) *p/ ( (d*xx) ~ (n*p) * (b+cxx*n) *p) *Int [ (d*x) » (m+nxp) * (b+c*x*2) *p,x] /;
FreeQ[{b,c,d,m,n,p},x] &% EqQ[n2,2xn] && Not[IntegerQ[p]] =*)



Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

1: Jx'“ (a+bx"+cx2")pd1x whenm-n+1==0

Derivation: Integration by substitution
Basis: x1 F[x"] == %Subst[F[x], X, X"] Oy x"

Rule1.2.3.2.1:If m-n + 1 == 0, then

1
Jx'“ (a+bx"+cx*")Pdx — —Subst[j(a+bx+cx2)pdx, X, x"]
n

Program code:
Int[x_"m_.*(a_+b_.*x_"n_+c_.*x_"n2_.)"p_.,x_Symbol] :=

1/n*Subst [Int[ (a+bxXx+c*x"2)*p,Xx],X,X*n] /;
FreeQ[{a,b,c,m,n,p},x] && EqQ[n2,2xn] && EqQ[Simplify[m-n+1],0]

2: J(dx)'" (a+bx"+cx*")?dx whenpez*

Derivation: Algebraic expansion

Rule 1.2.3.2.2:If p € Z*, then

J(d x)" (a+bx"+cx*")Pdx — JExpandIntegr‘and[(d x)" (a+bx"+cx?")P, x] dx

Program code:

Int[(d_.*x_)"m_.x(a_+b_.*x_"n_+c_.*x_"n2_.)"p_.,x_Symbol] :=
Int [ExpandIntegrand[ (d*Xx) “m* (a+b*x~n+c*x”" (2xn) ) *p,x],x] /;
FreeQ[{a,b,c,d,m,n},x] & EqQ[n2,2xn] && IGtQ[p,0] && Not[IntegerQ[Simplify[(m+1)/n]]]



Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

3: Jx'" (a+bx"+cx*")Pdx whenpez A n<e

Derivation: Algebraic simplification
Basis: If p € Z, then (a+bx"+cx?")P = x2"P (c+bx"+ax2")P
Rule 1.2.3.2.3:1f pe Z~ A n < 0, then

Jx“‘ (a+bx"+cx2")Pdlx — Jx'"*znp (c+bx'"+ax'2")pd1x

Program code:

Int[x_"m_.*(a_+b_.*x_"n_+c_.*x_"n2_.)" p_,x_Symbol] :=
Int [X* (M+2xnxp) * (C+bxX”* (-n) +axXx” (-2xn) ) *p,x] /;
FreeQ[{a,b,c,m,n},x] & & EqQ[n2,2xn] && ILtQ[p,0] && NegQ[n]



Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

4. j(dx)'“ (a+bx"+cx*")Pdx whenb?-4ac=:0

X: J(dx)"‘ (a+bx"+cx?")Pdx whenb®>-4ac=0 A pez

Derivation: Algebraic simplification
Basis: If b> -4 ac=0,thena+bz+cz?=2 (g+cz)2
Rule1.2.3.2.4.1:1f b2-4ac =0 A p e Z,then

m n 2n\p l m E n 2p
(dx)" (a+bx"+cx*")Pdx — ; (d x) +CX dx
C 2

Program code:

(* Int[(d_.*x_)"m_.*(a_+b_.*x_"n_.+c_.*x_"n2_.)"p_,x_Symbol] :=
1/c”p*Int[ (dxx)“mx (b/2+cxx”*n)~ (2xp) ,x] /;
FreeQ[{a,b,c,d,m,n,p},x] & EqQ[n2,2xn] && EqQ[b”2-4xaxc,0] && IntegerQ[p] =*)



Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

2. J(dx)'“ (a+bx"+cx*")Pdx whenb?-4ac=0 A p¢z
1
2

X: J(dx)m(a+bx"+cx2")pdx whenb?-4ac=0 Ap¢Z Am+2n (p+1) +1=20 A p#-

Derivation: Square trinomial recurrence 2cwithm+2n (p+1) +1 ==
Rule1.2.3.242.1:1f b2-4ac=0Ape¢eZ Am+2n (p+1) +1==0 A p# —%,then

(d x)™* (a+bx"+cx2")p+1 (dx)™* (2a+bx") (a+bx"+cx*")P
) 2adn (2p+1)

J(dx)"‘ (a+bx"+cx*")Pdx —
2adn (p+1) (2p+1)

Program code:

(* Int[(d_.*x_)"m_.x(a_+b_.*Xx_"n_+c_.*X_"n2_.)"p_,x_Symbol] :=
(dxx)~ (m+1) * (A+b*X*n+Cc*X”* (2xn) )~ (p+1) / (2%a*dxnx (p+1) * (2xp+1)) -

(dxx) A (m+1) * (2xa+bxx”n) * (a+bxX*n+CcxXx” (2%n) ) *p/ (2*axd*nx (2xp+1)) /;
FreeQ[{a,b,c,d,m,n,p},x] && EqQ[n2,2xn] &% EqQ[b”2-4xaxc,@] & & Not[IntegerQ[p]] && EqQ[m+2xnx (p+1) +1,0] &% NeQ[2xp+1,0] =)



Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

2: J(dx)’" (a+bx"+cx*")Pdx whenb®-4ac=0 A p¢z

Derivation: Piecewise constant extraction

(a+bxM+cx2n)?

Basis: If b%> — 4 a ¢ == 0, then 9,

L)

Rule1.2.3.2.4.2.2:1f b2-4ac =0 A p ¢ Z,then

FracP
aIntPar‘t[p] (a +bx"+c X2 n) racPart[p]

2cx")?pP
(dx)™ |1+ 5 dx

J(dX)m (a+bx"+cx*")Pdx —

2 ¢ x| 2 FracPart[p]
(1+_b )

Program code:

Int[(d_.*x_)"m_.x(a_+b_.*x_"n_.+c_.*x_"n2_.)"p_,x_Symbol] :=
(a+b*x*n+cxx” (2xn) ) *FracPart[p]/ (c*IntPart[p]* (b/2+c*x"*n)~ (2xFracPart[p])) *Int[ (d*x) “mx (b/2+c*x*n) " (2xp) ,X] /;
FreeQ[{a,b,c,d,m,n,p},x] & EqQ[n2,2xn] && EqQ[b”2-4xaxc,0] &% IntegerQ[p-1/2]

Int[(d_.*x_)"m_.x(a_+b_.*x_"n_.+c_.*x_"n2_.)"p_,x_Symbol] :=
a*IntPart[p] * (a+b*x*n+cxx” (2xn) ) *FracPart[p]/ (1+2xc*x*n/b) ~ (2xFracPart[p]) *Int[ (d*X) *mx (1+2xc*x*n/b) * (2xp) ,x] /;
FreeQ[{a,b,c,d,m,n,p},x] & EqQ[n2,2xn] && EqQ[b”2-4xaxc,0] & Not[IntegerQ[2xp]]



Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

5. f(dx)"‘ (a+bx"+cx*")Pdx when b’ -4ac#0 A %ez

1: Jx'" (a+bx"+cx2")pd1x whenb?-4ac#0 A m;l €z

Derivation: Integration by substitution

Basis: If ™1 ¢ Z,then x"Fx"] = lSubst[x$'1 FIX], X, X"] X"
n

n

Note:If nez A m;1 € Z,thenm € Z,and (d x)™automatically evaluates to d™ x™.

Rule1.2.3.2.5.1:1f b2-4ac +0 A ™ ¢ 7 then

n
2n\P 1 I 2\p
jx’" (a+bx"+cx®")Pdx — —Subst[j "t (a+bx+cx?)Pdx, x, x“]
n
Program code:
Int[x_"m_.*(a_+b_.*x_"n_+c_.*x_"n2_.)"p_.,x_Symbol] :=

1/n+Subst[Int[x (Simplify[ (m+1) /n]-1)+ (a+bxx+c*x*2)*p,x],x,x*n] /;
FreeQ[{a,b,c,m,n,p},x] & EqQ[n2,2xn] && NeQ[b”2-4xaxc,0] && Integer-Q[Simpli-Fy[(m+1)/n]]



Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

2: J(dx)'“ (a+bx"+cx?")Pdx when b>-4ac#0 A "‘;—lez

Derivation: Piecewise constant extraction
Basis: 5, 1"—>— =0

dIntPart[m] (d X) FracPart[m]

Basis: «x- .

xFracPart[m]

Rule1.2.3.25.2:1f b2-4ac+0 A ™ ¢ 7 then

n
gIntPartiml (g yy FracPart[m]

J‘(dx)'"(a+bx"+cx2")pdlx_> Jx’" (a+bx"+cx2")pd1x

xFracPart[m]

Program code:

Int[(d_»x_)"m_.*(a_+b_.*x_"n_+c_.*x_"n2_.)"p_.,x_Symbol] :=
d*IntPart[m] * (d*x) “FracPart[m] /x*FracPart [m] *Int [x*m* (a+b*X*n+c*Xx” (2%n) ) *p,x] /;
FreeQ[{a,b,c,d,m,n,p},x] & EqQ[n2,2xn] && NeQ[b"2-4xaxc,@] & IntegerQ[Simplify[ (m+1)/n]]
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Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

6. f(dx)'“ (a+bx"+cx*")Pdx whenb?-4ac#8 Anez
1. J(dx)"‘ (a+bx"+cx*")?dx whenb®>-4ac#0@ A nez*

1: Jx'" (a+bx"+cx*")?dx whenb?-4ac#@ Anez*AmeZ A GCD[m+1, n] #1

Derivation: Integration by substitution
Basis:If nezZ Amez,letk =GCD[m+ 1, n],thenxmex"] = §5ubst[x?‘1r[x"/k], X, X€] By
Rule1.2.3.2.6.1.1:1f b2-4ac+@ AnezZ*Amezletk =GCD[m+1, n],if k # 1, then

1 e
Jxm (a+bx"+cx*")Pdx — ;Subst[JXk_l'l (a+bx"/k+cx2"/k)pd1x, X, x"]

Program code:

Int[x_"m_.x(a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=
With[{k=GCD[m+1,n]},
1/k*Subst [Int [x” ( (m+1) /k-1) * (a+b*x” (n/k) +c*x” (2xn/k) ) *p,x] ,X,x*k] /;
k#1] /;
FreeQ[{a,b,c,p},x] &% EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && IGtQ[n,0] && IntegerQ[m]

11



Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

2: J-(dx)m (a+bx"+cx*")Pdx when b>-4ac#@ Anez*AmeF

Derivation: Integration by substitution

Basis: If k e Z*, then (dx)"F[x] = §Subst[xk (“‘+1)‘1F[’;—k], X, (d x)l/k] By (dx)l/k

Rule1.2.3.2.6.1.2:1f b2-4ac+0© A neZ" A meF,letk = Denominator[m], then

bxkn cxzkn P

+

dn d2 n

k
J(d )" (a+bx"+cx*")Pdx — ESubst[J‘xk (m+1)-1 [a + dx, x, (d x)l/k]

Program code:

Int[(d_.*x_)"m_x(a_+b_.*X_"n_+C_.*Xx_"n2_.)"p_,x_Symbol] :=

With [ {k=Denominator[m]},

k/d*Subst [Int [x” (k* (m+1) -1) * (a+b*Xx” (k*n) /d*n+c*x”" (2xk*n) /d” (2xn) ) *p, Xx] , X, (d*x) * (1/k) ] ] /5
FreeQ[{a,b,c,d,p},x] & & EqQ[n2,2xn] && NeQ[b”2-4xaxc,0] &% IGtQ[n,0] && FractionQ[m] && IntegerQ[p]
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Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p 13

3. J-(dx)’" (a+bx"+cx*")Pdx whenb®-4ac#@ Anez* A pez*

1: J(dx)"‘(a+bx"+cx2")pdlx whenb?-4ac#@ AnezZ*ApeZ*Am>n-1Am+2np+1#0 Am+n (2p-1) +1+#0

Derivation: Trinomial recurrence 1lb withA=0,B =1andm =m - n

Rule1.2.3.2.6.1.3.1:1f b2-4ac+@ AnezZ*ApezZ-Am>n-1Am+2np+1+0 Am+n (2p-1) +1 # 0, then

J-(d )" (a+bx"+cx*")?dx —

dt (dx)"™™ (a+bx"+cx?")? (bnp+c (m+n (2p-1) +1) x")

c(m+2np+1) (m+n(2p-1) +1)
npd"

J(dx)"“" (a+bx"+cx2“)""1 (ab(m-n+1) - (2ac (m+n (2p-1) +1) -b?> (m+n (p-1) +1)) x") dx
c(m+2np+1) (m+n(2p-1) +1)

Program code:

Int[(d_.*x_)"m_.*(a_+b_.*x_"n_+c_.xx_"n2_.)"p_,x_Symbol] :=
d” (n-1) % (d*x) A (m-n+1) * (Q+b*X*n+C*Xx" (2xn) ) *p* (bxnxp+C* (Mm+n*x (2xp-1) +1) *X*n) / (C* (M+2xNxp+1) * (Mm+n* (2xp-1) +1)) -
nxpxd™n/ (Cx (M+2xnxp+1) * (M+n* (2%p-1) +1) ) %
Int [ (d%x) ~ (m-n) * (a+b*x*n+c*x” (2xn) )~ (p-1) *Simp [axbx (M-n+1) - (2*a*C* (M+Nn* (2%p-1) +1) -b"2% (m+n* (p-1) +1) ) *x"n, x] ,X] /5
FreeQ[{a,b,c,d},x] &% EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && IGtQ[n,0] && IGtQ[p,0] &&% GtQ[m,n-1] && NeQ[m+2xnxp+1,0] && NeQ[m+n* (2xp-1)+1,0]



Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

2: j(dx)’“ (a+bx"+cx*")?dx whenb®-4ac#@ Anez*Apez*Am<-1

Reference: G&R 2.160.2
Derivation: Trinomial recurrence lawithA =1andB = 0

Rule1.2.3.2.6.1.3.2:If b>-4ac+@ AneZ*ApeZ A m< -1,then

(dx)™* (a+bx"+cx")?

n
J(dx)m(a+bx"+cx2“)pd1x—> - P J(dx)m*" (b+2cx") (a+bx"+cx2")"'1d1x
d" (m+1)

d (m+1)

Program code:

Int[(d_.*x_)"m_.x(a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=

(d%x) ~ (m+1) * (a+b*x*n+c*x” (2xn) ) *p/ (d* (m+1)) -

nxp/ (d*nx (m+1) ) *Int [ (d*X) ~ (m+n) % (b+2*C%X"n) * (a+bxX n+c*x" (2%n) )~ (p-1) ,x] /;
FreeQ[{a,b,c,d},x] &% EqQ[n2,2xn] && NeQ[b”*2-4xaxc,0] && IGtQ[n,0] && IGtQ[p,0] && LtQ[m,-1]
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Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

3: j(dx)m(a+bx"+cx2")pdx whenb?-4ac#@ AneZ*ApeZ*Am+2np+1+0

Derivation: Trinomial recurrence lawithA=0,B=1andm=m-n

Derivation: Trinomial recurrence 1lb withA = 1andB = ©

Rule1.2.3.2.6.1.3.4:1f b2-4ac+0@ AneZ*ApeZ-Am+2np+1<+0,then
d m+l +bx"+ 2n\P
J}dXﬂ%a+bX"+cf"de-a . P Jkde%2a+bxw (a+bx"+cx?")Ptax
d(m+2np+1) m+2np+1

Program code:

Int[(d_.*x_)"m_.*(a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=
(dxx)~ (m+1) * (Q+bxx*n+CcxXx” (2xn) ) *p/ (d* (M+2xnxp+1)) +
nxp/ (M+2xn*p+1) *Int [ (d*X) *mx (2xa+bxXx”n) * (a+b*x*n+c*x” (2xn) )~ (p-1) ,x] /;
FreeQ[{a,b,c,d,m},x] &% EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && IGtQ[n,0] && IGtQ[p,0] && NeQ[m+2x*n*p+1,0]

4, J(dx)’“ (a+bx"+cx?")Pdx whenb®-4ac#@ Anez*Ap+lez"
1. J(dx)’"(a+bx“+cx2")pd1x whenb?-4ac#@ Anez*Ap+l1ezZ Am>n-1

1: j(dx)'“(a+bx"+cx2")pdlx whenb?-4ac#0@ AnezZ*Ap+leZ An-1<m<2n-1

Derivation: Trinomial recurrence 2awithA = 1andB = 0
Derivation: Trinomial recurrence 2b withA = 9,B = 1andm =m - n
Rule1.2.3.2.6.141.1:1fb>-4ac+0@ AnezZ*Ap+1eZ An-1<m=<2n-1,then

j(d )" (a+bx"+cx*")Pdx —

d™t (dx)™"™ (b+2cx") (a+bx"+c xz")erl

n(p+1) (b*-4ac)
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Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

drl

j(dx)'“‘” (b(m-n+1) +2c(m+2n (p+1) +1) x") (a+bx"+cx2")p+1d1x
n(p+1) (b>-4ac)

Program code:

Int[(d_.*x_)"m_.x(a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=
d” (n-1) % (d*x) * (m-n+1) * (b+2xc*X"n) * (a+b*xx*n+c*x” (2xn) ) * (p+1) / (n* (p+1) » (b~2-4xaxc)) -
d*n/ (n* (p+1) * (b*2-4xaxc) ) *
Int[ (d%x)”~ (m-n) % (bx (m-n+1) +2xC* (M+2xn* (p+1) +1) *x*n) * (a+bxx*n+c*xx" (2xn) )~ (p+1) ,x] /;
FreeQ[{a,b,c,d},x] &% EqQ[n2,2xn] && NeQ[b”*2-4xaxc,0] && IGtQ[n,0] && ILtQ[p,-1] && GtQ[m,n-1] && LeQ[m,2xn-1]

2: J(dx)"‘ (a+bx"+cx*")?dx whenb?-4ac#@ Anez*Ap+lez Am>2n-1

Derivation: Trinomial recurrence 2awithA=90,B=1andm=m-n

Rule1.2.3.2.6.1.4.1.2:1f b>-4ac+0@ AnezZ*Ap+1ezZ Am>2n-1,then

J(d )" (a+bx"+cx®")Pdx —

d2"t (d x)™2"™! (2a+bx") (a+bx"+cx2“)p+1
- +

n(p+1) (b*-4ac)

dZn

J'(dx)m-zn (Za (m-2n+1) +b(m+n (2p+1) +1) x") (a+bx“+cx2n)p+1dx
n(p+1) (b>-4ac)

Program code:

Int[(d_.*x_)"m_.*(a_+b_.x*x_"n_+c_.xx_"n2_.)"p_,x_Symbol] :=
—-d™ (2%n-1) * (d*X) ~ (M-2%n+1) * (2%a+bxXx”*n) * (a+b*X*n+Cx*Xx* (2%n) )~ (p+1) / (n* (p+1) * (b*2-4xaxc)) +
d” (2%n) / (n* (p+1) » (b”2-4xaxc) ) »
Int[ (d*xx)”~(m-2xn) % (2%ax (M-2%n+1) +bx (Mm+n* (2xp+1) +1) *X*n) *x (a+b*xx*n+cxx” (2xn) )~ (p+1) ,x] /;
FreeQ[{a,b,c,d},x] &% EqQ[n2,2xn] &% NeQ[b”2-4xaxc,0] && IGtQ[n,0] && ILtQ[p,-1] && GtQ[m,2xn-1]
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Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p 17

2: J-(dx)m (a+bx"+cx?")?dx whenb®-4ac#@ Anez*Ap+lez”

Derivation: Trinomial recurrence 2b withA = 1andB = ©

Rule1.2.3.2.6.1.4.2:1f b2-4ac+@ AneZ" A p+1ez,then

J(d x)" (a+bx"+cx2")"dlx —

(dx)™? (b2-2ac+bcx") (a+bx"+cx2")P

+

adn (p+1) (b*-4ac)
1

an(p+1) (

- ) J(dx)"‘ (a+bx"+cx2")p+1 (B> m+n (p+1) +1) ~2ac (m+2n (p+1) +1) +bc (m+n (2p+3) +1) x") dx
b -4ac

Program code:

Int[(d_.*x_)"m_.x(a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=
- (d*x)~ (m+1) % (b~2-2xaxc+bxcxxX*n) * (a+b*x*n+c*X”" (2xn) )~ (p+1) / (a*dxnx (p+1) » (b*2-4xaxc)) +
1/ (axnx (p+1) * (b*2-4xaxc) ) *
Int [ (d*X) *mx (a+b*X*N+CxX" (2xn) )~ (p+1) *Simp [bA2x (m+nx (p+1) +1) -2%xa*xCx (M+2xNx (p+1) +1) +bxC* (M+Nnx (2xp+3) +1) *x*n, x] ,x] /3
FreeQ[{a,b,c,d,m},x] & EqQ[n2,2xn] && NeQ[b”2-4xaxc,0] &% IGtQ[n,0] && ILtQ[p,-1]

5: J.(dx)’"(a+bx"+cx2“)pdlx whenb?-4ac#@ Anez*Am>2n-1Am+2np+1+#0

Reference: G&R 2.160.3

Derivation: Trinomial recurrence 3awithA =9,B=1landm=m-n

Note: G&R 2.174.1 is a special case of G&R 2.160.3.

Rule1.2.3.26.15:1f b>-4ac+@ Anez*'Am>2n-1 Am+2np+1+0,then

J-(d )" (a+bx"+cx*")Pdx —



Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

d2"1 (d x)m-2n+t (.'=\+bx"+cx2")p+1 d2n
- J(dx)’"‘“ (@a(m-2n+1) +b (m+n (p-1) +1) x") (a+bx"+cx2")"d1x
c(m+2np+1) c(m+2np+1)

Program code:

Int[(d_.*x_)"m_.*(a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=
d” (2xn-1) % (d*X) * (M-2%n+1) * (Qa+b*X*n+c*x" (2%xn) )~ (p+1) / (C* (M+2x*n*xp+1)) -
d” (2%xn) / (C*x (M+2%xnxp+1) ) *
Int[ (d*x)" (m-2%n) *Simp[ax (M-2#n+1) +bx (M+nx (p-1) +1) *X N, X]  (@+b*x n+c*x” (2+n) ) *p,x] /;
FreeQ[{a,b,c,d,p},x] & & EqQ[n2,2xn] && NeQ[b”2-4xaxc,0] &% IGtQ[n,0] && GtQ[m,2xn-1] && NeQ[m+2xnxp+1,0] &% IntegerQ[p]

6: J(d x)" (a+bx"+cx*")Pdx whenb®-4ac#0 Anez*Am<-1

Reference: G&R 2.160.1
Derivation: Trinomial recurrence 3bwithA = 1andB = 0
Note: G&R 2.161.6 is a special case of G&R 2.160.1.

Rule1.2.3.2.6.1.6:1f b2-4ac+0© A neZ" A m< -1,then

j(d x)" (a+bx"+cx2")"d]x —

(dx)™* (a+bx" +cx2")’J+1

1
- J(dx)'""" (b(m+n(p+1) +1) +c(m+2n (p+1) +1) x") (a+bx"+cx?*")Pdx
ad (m+1) ad" (m+1)

Program code:

Int[(d_.*x_)"m_x(a_+b_.*X_"~n_+C_.*x_"n2_.)"p_,x_Symbol] :=

(d*x)~ (m+1) % (a+bxx*n+c*x” (24n) )~ (p+1) / (a*xd* (m+1) ) -

1/ (axd*n* (m+1) ) *Int [ (d*Xx)~ (m+n) % (bx (Mm+n* (p+1) +1) +C* (M+2*n* (p+1) +1) *X*n) * (a+b*X Nn+Cx*X* (2xn) ) *p,x] /;
FreeQ[{a,b,c,d,p},x] & & EqQ[n2,2xn] && NeQ[b”2-4xaxc,0] &% IGtQ[n,0] && LtQ[m,-1] & IntegerQ[p]

18



Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

(dx)"
7. J-— dx when b?
a+bx"+cx?"

-4ac+0 Anez*

(dx)"
1: J d1xwhenb2-4ac¢0/\nez+/\m<-1

a+bx"+cx?

Reference: G&R 2.176, CRC 123

Derivation: Algebraic expansion

Basis: 2" .. @n®_ 1

z)™?! (b+cz)

a+b z+c 22 a ad

Rule 1.2.3.2.6.1.7.1: If b?

Program code:

a+b z+c 22

-4ac+0@ AneZ"Am< -1,then

d m d m+1
J‘ (d x) dx — (d x)

a+bx"+cx?" ad (m+1)

Int[(d_.*x_)"m_/(a_+b_.*x_"n_+c_.*x_"n2_.),x_Symbol] :=

(d%xx)~ (m+1) / (a*xd* (m+1)) -

1/ (a*xd”*n) *Int[ (d*Xx) ™ (m+n) *

(b+cxx”n) / (a+b*x*n+c*x” (2xn) ) ,x] /;

1

ad"

=

(dx)™" (b+cx")

a+bx"+cx?"

FreeQ[{a,b,c,d},x] &% EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && IGtQ[n,0] && LtQ[m,-1]

dx
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Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

(dx)"
2. I—dlx whenb?-4ac#0 Anez*Am>2n-1
a+bx"+cx?"

Xm
1: J—dlx whenb?-4ac#0 AnezZ*Am>3n-1Amez
a+bx"+cx?"

Derivation: Algebraic expansion

Rule1.2.3.2.6.1.7.2.1:1f b>-4ac+0© AnezZ*Am>3n-1 A me Z,then

m

X
———————dx — |PolynomialDivide[x", a+bx"+cx?", x] dx
a+bx"+cx?"

Program code:

Int[x_"m_/(a_+b_.*Xx_"n_+c_.*x_"n2_.),x_Symbol] :=
Int[PolynomialDivide [x"m, (a+bxXx"n+cxx” (2xn)),Xx],Xx] /;
FreeQ[{a,b,c},x] &% EqQ[n2,2xn] && NeQ[b”"2-4xaxc,0] && IGtQ[n,0] && IGtQ[m,3xn-1]

20



Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

dx)"
ZJ (@) dlxwhenb2—4ac¢0/\neZ*Am>2n—1 Not necessary?
a+bx"+cx?

Reference: G&R 2.174.1, CRC 119

Derivation: Algebraic expansion

Basis: —d=z* 2 dz)"?  d* (dz)"? (a+bz)
a+b z+c 22 [ c a+b z+c z?
Rule 1.2.3.2.6.1.7.2.2:1f b>-4ac+@ AneZ*Am>2n-1,then

(dx)m d2n-1 (d x)m-2n+l g2n (d X)m—Zn (a+ bx")
[ o dx

a+bx"+cx2" c(m-2n+1) c a+bx"+cx3"

Program code:

Int[(d_.*x_)"m_/(a_+b_.*x_"n_+c_.*x_"n2_.),x_Symbol] :=

d? (2x¥n-1) * (d*x) * (m-2xn+1) / (C*x (M-2xn+1)) -

d” (2%n) /cxInt[ (d*Xx)~ (m-2%n) x (a+b*x”n) / (a+b*x*n+c*X" (2%n) ) ,x] /;
FreeQ[{a,b,c,d},x] &% EqQ[n2,2xn] && NeQ[b”*2-4xaxc,0] && IGtQ[n,0] && GtQ[m,2xn-1]
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Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

Xm
3. I—dlx whenb?-4ac#0 A (ﬂ|m)ez+/\ "<m<2n Ab%*-4acio
a+bx"+cx?" 2 2

n 3n

Xm
1: j—dlx whenb?-4ac#0 A (—|m)eZ*A 20 <m<2n Ab%2-4acyo
a+bx"+cx?" 2 2

Derivation: Algebraic expansion

1 3
Basi |f - a N 2aq-% then Z - q+r z B g-rz
asis:ltg— ./ a drs./2q c»then ———— 2cr (qirzez?) | 2cr (qrziz?)

Note:If (a | b | c) eR A b2—4ac<@,then%>0andz\/€_g>e.

]
Rule1.2.3.2.6.1.7.3.1:1f b>-4ac+0 A (2 |m)ez*A 22 <m<2n Ab*-4ac+0,letq—> /2 andr-.[2q-2
2 2 ’ C c?
then
XM 1 xm—3n/2 (q + r.xn/Z) 1 Xm-3n/2 (q_ r.xn/Z)
— dx — dx - dx
ja+bx"+cx2" 2cr q+rx"2.exn 2cr q-rx"24x"

Program code:

Int[x_"m_./(a_+b_.*x_"n_+c_.*x_"n2_.),x_Symbol] :=
With[{q=Rt[a/c,2]},
With[{r=Rt[2xq-b/c,2]},
1/ (2xc*r) *Int [X* (M-3% (n/2) ) * (q+r*x*(n/2)) / (q+r*x*(n/2) +x*n) ,x] -
1/ (2xCcxr) *Int [X* (Mm-3% (n/2) ) * (q-r*x~(n/2)) / (q-r+*x~(n/2) +x*n) ,x] 1 ] /5
FreeQ[{a,b,c},x] & EqQ[n2,2xn] && NeQ[b”2-4xaxc,0] &% IGtQ[n/2,0] && IGtQ[m,0] && GeQ[m,3xn/2] && LtQ[m,2xn] && NegQ[b”"2-4xaxc]

Xm
2: j—dlx whenb?-4ac#0 A (§|m)eZ+A gsm<3"
a+bx"+cx?"

5 Ab?2-4acyo

Derivation: Algebraic expansion

Basis: If g - ./ 2 and l24-t  then z _ 1 B 1
q C r- a-c» a+b z2+c z% 2cr (q—r‘ z+22) 2cr (q+r‘z+22>

22



Rules for integrands of the form x~m (a+b x~n+c x~(2 n))"p 23
Note:If (a | b|c) eR A b>-4ac<0,then? >0and2,[2 -2>e.

Rule1.2.3.2.6.1.7.3.2:1f b2-4ac + 0 A (% [m) ez A Dem<3 Ab2-4ac0letq .2 andr-.[2q-,then

m-n/2

x™" 1 x"n-n/2 1 x
J—axﬁ J dx - J dx
a+bx"+cx2" 2cr Jg-rx"24x" 2cr J gq+rxV24x"

Program code:

Int[x_"m_./(a_+b_.*x_"n_+c_.*x_"n2_.),x_Symbol] :=
With[{q=Rt[a/c,2]},
With[{r=Rt[2xq-b/c,2]},
1/ (2%c*r) *Int [x* (m-n/2) / (q-r*x" (n/2) +x*n) ,x] -
1/ (2xc*r) *Int [x* (m-n/2) / (Q+r*Xx~ (n/2) +xn) ,x] ] ] /5
FreeQ[{a,b,c},x] & EqQ[n2,2xn] && NeQ[b”2-4xaxc,0] && IGtQ[n/2,0] && IGtQ[m,0] && GeQ[m,n/2] &% LtQ[m,3xn/2] && NegQ[b”2-4xaxc]



Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

4 j (dx)"

— dx whenb?-4ac#@ AneZ*Amzn
a+bx"+cx?

Reference: G&R 2.161.1a & G&R 2.161.3

Derivation: Algebraic expansion

Basis: Letq —» /b% - 4

ac,then —dz®_ .

q

Rule1.2.3.2.6.1.7.4:1f b2-4ac+0© AneZ*Amz=n,letqg—>/b%>-4ac,then
MJ“ (dx)m d

b d x)™"
d]X—)—[—+1] ;dlx
a+bx"+cx?" 2 \q b

2

+34cxn
2
Program code:

Int[(d_.*x_)"m_/(a_+b_.*x_"n_+c_.*x_"n2_.),x_Symbol] :
With[{q=Rt[b*2-4xaxc,2]},
d*n/2x (b/q+1) *Int[ (d*x)~ (m-n) / (b/2+q/2+C*X*n) ,x] -

B
d*n/2x (b/q-1) *Int[ (d*x)~ (m-n) / (b/2-q/2+c*x*n) ,x]] /;
Rt B ]

FreeQ[{a,b,c,d},x] &% EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && IGtQ[n,0] && GeQ[m,n]
(dx)"
5: J—dlx whenb?-4ac#0 A nez*
a+bx"+cx2"
Reference: G&R 2.161.1a

Derivation: Algebraic expansion

Basis: Letq —» 1/ b? - 4 a ¢, then

1
a+b z+c z2

Rule1.2.3.2.6.1.7.5:1f b2-4ac+0 A nez*letq->/b>-4ac,then

_d (b (dzy"™t
at+tbz+cz2 T 2 < +1)

(d x) m-n

-94cx"
2

dx
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Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p
(dx)™ c (dx)™ C (dx)m
—dx — — —dx - — — dx
a+bx"+cx?" q | b_ga,cxn qa | b9, cxn
2 2 2 2

Program code:
Int[(d_.*x_)"m_./(a_+b_.*x_"n_+c_.*x_"n2_.),x_Symbol] :=
With[{q=Rt[b"2-4xaxc,2]},

c/q*Int[ (d*x)”*m/ (b/2-q/2+c*xx”n),x] - c/q*Int[ (dxx)”m/(b/2+q/2+c*x*n),x]] /;
FreeQ[{a,b,c,d,m},x] &% EqQ[n2,2xn] && NeQ[b”2-4xaxc,0] && IGtQ[n,0]

2. J(dx)'“ (a+bx"+cx*")Pdx when b’ -4ac#6 A nez"
1. J(dx)m (a+bx"+cx?")Pdx whenb?>-4ac#@ Anez A meQ

1: Jx'“ (a+bx"+cx2")pdlx when b2-4ac#@ AnezZ A mez

Derivation: Integration by substitution

Basis: F [X] == —Subst{ﬂx—zlL, X,
X

X |=

o

Rule1.2.3.2.6.2.1.1:1f b>-4ac+0© AneZ A meZthen

Jx"‘ (a+bx"+cx*")Pdx — —Subst[J

Program code:

Int[x_"m_.*(a_+b_.*x_"n_+c_.*x_"n2_.)" p_,x_Symbol] :=
-Subst [Int[ (a+b*Xx” (-n)+c*X” (-2%n))*p/x* (m+2) ,Xx],X,1/x] /;
FreeQ[{a,b,c,p},x] &% EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && ILtQ[n,0] && IntegerQ[m]

25



Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

2: j(dx)’" (a+bx"+cx*")?dx when b>-4ac#@ Anez AmeF

Derivation: Integration by substitution

Basis:If n € Z A k > 1,then (dx)"Fix"] = - £ subst[ XLy, 21— 2

xk (m+1)+1 2 (dx)l/k X (d x)l/k
Rule1.2.3.2.6.2.1.2:If b>-4ac+ 0 A neZ A meF,letk = Denominator[m],then
K (a+bd™x*M+cd2nx2kn)P 1
J(dx)"‘(a+bx"+cx2")"dlx — ——Subst[J dx, x,
d xK (m+1) +1 (dx) 1/k

Program code:

Int[(d_.*x_)"m_.*(a_+b_.*x_~n_+c_.*x_"n2_.)"p_,x_Symbol] :=

With [ {k=Denominator[m]},

-k/d*Subst [Int[ (a+b*d” (-n) *x” (-k*n) +c*d” (-2%n) *x" (-2xk*n) ) *p/x”" (k* (m+1) +1) ,x] ,x,1/ (d*x) ~ (1/k) ] ] /5
FreeQ[{a,b,c,d,p},x] & EqQ[n2,2xn] && NeQ[b*2-4xaxc,0] &% ILtQ[n,0@] && FractionQ[m]

2: J(dx)"‘ (a+bx"+cx*")Pdx whenb>-4ac#@0 Anez Am¢Q

Derivation: Piecewise constant extraction and integration by substitution
Basis: Oy ((dx)™ (x1)") =0

Basis: (d X) m <X’1) m__ dintPart[m] (d X) FracPart[m] (X*1> FracPart[m]
Basis: F [X] == —Subst{ﬂ’;—zlL, x, 1] o,

Rule1.2.3.2.6.2.2:1f b>-4ac+@ AneZ A megO,then

(a+bx"+cx2")p

()"

J(d x)" (a +bxX" + CXZn)Pd]X —, gntPartiml (g FracPartm] (X-1)FracPar‘t[MJ J‘

]

dx
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Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

a+bx'"+cx'2”)"

—s _gIntpPartm] (d x) FracPart[m] (X-1)Fr‘acPart[m] Subst[j( dx, X, l:l
X

Xm+2

Program code:

Int[(d_.*x_)"m_x(a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=
-d*IntPart[m] » (d*x) ~*FracPart[m] * (x* (-1) ) *FracPart [m] *Subst [Int [ (a+b*x”" (-n) +c*X”" (-2%n) ) *p/x* (m+2) ,Xx],X,1/x] /;
FreeQ[{a,b,c,d,m,p},x] & EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && ILtQ[n,0] && Not[RationalQ[m] ]

7. J(dx)“‘ (a+bx"+cx?")?dx whenb’>-4ac#@ AneF

1: jx’" (a+bx"+cx2")pd1x when b?-4ac#0@ A neF

Derivation: Integration by substitution
Basis: If k € z*, then x"F[x"] = k Subst [xk (M- E[xkn], x, x*/k] g,x*/k
Rule1.2.3.2.7.1:If b>-4ac + 0 A n e F,letk = Denominator[n], then

jx’“ (a+bx"+cx*")Pdx — kSubst[J-xk D1 (asbx*"+ cx**")Pax, x, xl/k]

Program code:

Int[x_"m_.*(a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=
With[{k=Denominator[n]},
k*Subst [Int [x” (k* (m+1) -1) * (a+b*Xx” (k*n) +c*x” (2xk*n) ) *p, x] , X, x* (1/k) ] ] /3
FreeQ[{a,b,c,m,p},x] & EqQ[n2,2xn] && NeQ[b”2-4xaxc,0] &% FractionQ[n]
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Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

2: J(dx)'“ (a+bx"+cx*")Pdx when b>-4ac#@ A neF

Derivation: Piecewise constant extraction
Basis: 5, 1"—>— =0

dIntPart[m] (d X) FracPart[m]

Basis: «x- .

xFracPart[m]

Rule1.2.3.2.7.2:1f b>-4ac +#+ 0 A n e F,then

gIntPartiml (g yy FracPart[m]

j(dx)'" (a+bx"+cx2")pdlx—> Jx’" (a+bx"+cx2")pdlx

xFracPart[m]

Program code:

Int[(d_*»x_)"m_x*(a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=
d*IntPart[m] * (d*x) “FracPart[m] /x*FracPart [m] *Int [x*m* (a+b*X*n+c*Xx” (2%n) ) *p,x] /;
FreeQ[{a,b,c,d,m,p},x] && EqQ[n2,2xn] &% NeQ[b"2-4xaxc,0] && FractionQ[n]
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Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

8. j(dx)'“ (a+bx"+cx*")Pdx when b’ -4ac#0 A ﬁez

1: Jxm (a+bx"+cx2")pd1x when b?2-4ac#0 A mi‘—lez

Derivation: Integration by substitution

ice _n_ 1 - + +
Basis: If 1€ Z,then x"Fx"] = — Subst[F[xm1], x, x™*] g,x™*

Rule1.2.3.2.8.1:1f b2-4ac +0 A mf—l c7Z

jx'“ (a+bx"+cx2")pd1x —
m+

1 L 2\ p 1
Subst [J(a +bxmt + ¢ xm) dx, x, x"* ]
1

Program code:

Int[x_"m_.*(a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=
1/ (m+1) »Subst [Int[ (a+bxx"Simplify[n/ (m+1) ] +c*x Simplify[2+n/ (m+1)])~p,x],X,x" (m+1) ] /;
FreeQ[{a,b,c,m,n,p},x] &% EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && IntegerQ[Simpli-Fy[n/(m+1)]] && Not[IntegerQ([n]]
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Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

2: J(dx)'" (a+bx"+cx*")Pdx whenb®-4ac#0 A -ez

m+1

Derivation: Piecewise constant extraction
Basis: 5, 1"—>— =0

dIntPart[m] (d X) FracPart[m]

Basis: «x- .

xFracPart [m]

Rule1.2.3.2.8.2:1f b>-4ac+0 A L e 7,then

gIntPartiml (g yy FracPart[m]

j(dx)'" (a+bx"+cx2")pdlx—> Jx’" (a+bx"+cx2")pdlx

xFracPart[m]

Program code:

Int[ (d_*x_)"m_x(a_+b_.*X_"~n_+cCc_.*Xx_"n2_.)"p_,x_Symbol] :=
d*IntPart[m] * (d*x) “FracPart[m] /x*FracPart [m] *Int [x*m* (a+b*X*n+c*Xx” (2%n) ) *p,x] /;
FreeQ[{a,b,c,d,m,n,p},x] && EqQ[n2,2xn] && NeQ[b”2-4xaxc,0] && IntegerQ[Simplify[n/(m+1)]] && Not[IntegerQ([n]]

9. j(dx)'“ (a+bx"+cx?*")?dx whenb?>-4ac#0 A pez-

(dx)"
1: j—dlx whenb?-4ac#+0
a+bx"+cx?"

Reference: G&R 2.161.1a

Derivation: Algebraic expansion

. ) 1 __ 2c 1 _2c 1
Basis: Letq = 1/b® -4 ac,then atbz+cz?  q b-gq+2cz q b+g+2cz
| ]
Rule1.2.3.2.9.1:1f b2-4ac + 9,letq = \/ b2 -4 ac,then



Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

dx)™ 2 dx)™ 2 dx)™
[0 g 2E [T 2o @07,

a+bx"+cx?" q Jb-q+2cx" q Jb+q+2cx"

Program code:

Int[(d_.*x_)"m_./(a_+b_.*x_"n_+c_.*x_"n2_.),x_Symbol] :=
With[{q=Rt[b”2-4xaxc,2]},
2xc/q*Int[ (d*x)*m/ (b-q+2xc*xx”n) ,x] -
2xc/q*Int[ (dxx)*m/ (b+q+2%xc*xx”n),x]] /;
FreeQ[{a,b,c,d,m,n},x] &% EqQ[n2,2xn] && NeQ[b"2-4xaxc,0]

2: J(dx)'“ (a+bx"+cx?")Pdx whenb®>-4ac#@ A p+1lez”

Derivation: Trinomial recurrence 2b withA = 1andB = 0

Rule1.2.3.2.9.2:1f b2-4ac+0 A p+1ez,then

J(d x)" (a+bx"+cx2")"dlx —

(dx)™ (b?-2ac+bcx") (a+bx"+cx?")P

+

adn (p+1) (b*-4ac)
1

f(dx)’" (a+bx"+cx2“)erl (B> m+n(p+1) +1) ~2ac (m+2n (p+1) +1) +bc (m+n (2p+3) +1) x") dx
an(p+1) (b*-4ac)

Program code:

Int[(d_.*x_)"m_.*(a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=
- (d*x)~ (m+1) % (b~2-2xaxCc+bxCcxX*n) * (a+b*xx*n+c*X” (2xn) )~ (p+1) / (a*dxnx (p+1) » (b*2-4xaxc)) +
1/ (axnx (p+1) * (b*2-4xaxc) ) *
Int [ (d*X) *mx (a+b*X*N+CxX* (2xn) )~ (p+1) *Simp [bA2x (n*x (p+1) +M+1) -2xa%xC* (M+2xNx (p+1) +1) +b*xC* (2xNxp+3*xn+m+1) X n,Xx] ,x] /5
FreeQ[{a,b,c,d,m,n},x] &% EqQ[n2,2xn] && NeQ[b”*2-4xaxc,0] && ILtQ[p+1,0]



Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

10: J(d x)" (a+bx"+cx?")?dx

Derivation: Piecewise constant extraction

(a+bx"+c x2n)P

Basis: Ox — —5 =0
1+ 2cx [1+ 2cx ]
—
b+/b?-4ac b—y/ b?-4ac
Rule 1.2.3.2.10:
J(d )" (a+bx"+cx2")P dx afMPertiel (a4 bx" 4 cx?r) PP j(d x)" [1 2ex
+ + — +
[1 . exn ]Fr‘acPar‘t[p] {1 . ey ]FracPart[p] b+ m
b+

4/ b*-4ac b-4/b%*-4ac

Program code:

Int[(d_.*x_)"m_.x(a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=
a*IntPart[p] * (a+b*x*n+cxx” (2xn) ) *FracPart[p]/
((1+2*c*x*n/ (b+Rt [b*2-4xa*xc,2]) ) ~"FracPart[p]  (1+2xc*x~n/ (b-Rt [b*2-4xaxc,2])) ~“FracPart[p]) *
Int[ (d*x) *mx (1+2xcxx*n/ (b+Sqrt [b”2-4xaxc]) ) *p* (1+2xcxx*n/ (b-Sqrt [b”2-4xaxc]) ) *p,x] /;
FreeQ[{a,b,c,d,m,n,p},x] && EqQ[n2,2xn]

Igts

2cx"

Vb%2-4ac

p

dx
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Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

1. J(dx)’“ (a+bx™+cx?)Pdx
1. |x™ (a+bx™+cx?)Pdx

1: Jx'“ (a+bx™"+cx")?dx whenpez

Derivation: Algebraic normalization
Basis:a + bx "+ ¢ x" == x " (b +ax"+c XZ“)

Rule 1.2.3.2.11.1.1: If p € 7, then
Jx'“ (a+bx"+cx")Pdx — Jx'“'"" (b+ax"+cx*")Pdx
Program code:
Int[x_"m_.*(a_+b_.*x_"mn_+c_.*x_"n_.)"p_.,x_Symbol] :=

Int [X* (m-nxp) * (b+axx*n+cxx” (2xn) ) *p,x] /;
FreeQ[{a,b,c,m,n},x] & EqQ[mn,-n] && IntegerQ[p] && PosQ[n]

2: Jx'“ (a+bx™"+cx")?dx when p¢z

Derivation: Piecewise constant extraction

Basis: 9y X~ —{asbxrext)? . g
(b+a X"+ X2”>

NP (atb xNycxM)P _ xnFracPartip] (g4p xNic xn)FracPartip]
(b+ax"+cx2)® )Fracpa"ttm

Basis: *
(b+a X"+ x2N

Rule 1.2.3.2.11.1.2: If p ¢ z, then
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Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

X FracPart[p] (a +bx"+c Xn) FracPart[p]

fxm (a+bx"+ex")Pax — X""P (b+ax"+cx?")Pdx

FracP
(b+ax"+cx?") e art(pl

Program code:

Int[x_"m_.x(a_+b_.*x_"mn_+c_.*x_"n_.)"p_.,x_Symbol] :=
x” (nxFracPart[p]) * (a+b/x”*n+cxx~n) *FracPart [p] / (b+a*x*n+c*Xx” (2xn) ) *FracPart [p] *Int [X* (m-nxp) * (b+axx*n+cxx” (2xn) ) *p,x] /;
FreeQ[{a,b,c,m,n,p},x] &% EqQ[mn,-n] && Not[IntegerQ[p]] && PosQ[n]

2: j(dx)'" (a+bx"+cx")?dx

Derivation: Piecewise constant extraction

Basis: 9, (4%

xm

dIntPartiml ({ y) FracPartm]

Basis: 2= -

xFracPart [m]

Rule 1.2.3.2.11.2:

dIntPar‘t[m] (d X) FracPart[m]

J‘(dx)'“(a+bx‘"+cx")pdlx—> J.x’“ (a+bx"+cx")?dx

XFr'acPar‘t[m]

Program code:

Int[(d_*x_)"m_.x(a_+b_.*x_"mn_+c_.*x_"n_.)"p_.,x_Symbol] :=
dAIntPart[m] * (dxx) ~*FracPart[m] /x*FracPart [m] *Int [Xx*m* (a+b*X” (-n) +cx*x*n) *p,x] /;
FreeQ[{a,b,c,d,m,n,p},x] && EqQ[mn,-n]
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Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

S. |u® (a+bvt+cv??)Pdx whenv=d+ex Au==Ffv

1: Jxm (a+bv"+cv2")pd1x whenv=d+ex A mez

Derivation: Integration by substitution

Basis: If mez,then X" F[d + e x] == - Subst[ (x -d)"F[x], X, d + e x] Ox (d + e X)

em+1

Rule1.2.3.2S.1:If v==d+ex A me Z,then

jx'" (a+bv"+cv?")Pdx — %Subst[j(x—d)’" (a+bx"+cx?")Pdx, x, v]
e+

Program code:

Int[x_"m_.x(a_.+b_.*v_"~n_+c_.*v_"n2_.)"p_.,x_Symbol] :=
1/Coefficient[v,x,1]" (m+1) *Subst [Int[simplifyIntegrand [ (x-Coefficient[v,x,0]) mx (a+bxx n+cxx*(2xn))"p,x|,x],Xx,v] /;
FreeQ[{a,b,c,n,p},x] & & EqQ[n2,2xn] && LinearQ[v,x] && IntegerQ[m] && NeQ[Vv,X]
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Rules for integrands of the form x~m (a+b x~n+c x"~(2 n))"p

2: Ju"‘ (a+bv"+cv2")pd1x whenv=d+ex A u=fv

Derivation: Integration by substitution and piecewise constant extraction

m

Basis: If u == f v, then 6, \‘j— =0

m

Rule1.2.3.2S8.2:If v=d+ex A u = fv,then

m

m

Ju“‘ (a+bv"+cv?")Pdx — Subst[fx"‘ (a+bx"+cx?")Pdx, x, v]

ev

Program code:

Int[u_”m_.*(a_.+b_.*v_"n_+c_.*v_"n2_.)"p_.,x_Symbol] :=
urm/ (Coefficient [v,X,1] +vAm) xSubst [Int [x m+ (a+bxXx n+cxx" (2xn)) "p,X1,X,V] /;
FreeQ[{a,b,c,m,n,p},x] & EqQ[n2,2xn] && LinearPairQ[u,v,x]
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